
VOL. 14, NO. 5, MAY 1976 AIAA JOURNAL 583

Shock Fitting Method for Complicated
Two-Dimensional Supersonic Flows

Manual D.Salas*
NASA Langley Research Center, Hampton, Va.

The floating shock fitting technique is examined. Second-order difference formulas are developed for the
computation of discontinuities. A procedure is developed to compute mesh points that are crossed by discon-
tinuities. The technique is applied to the calculation of internal two-dimensional flows with arbitrary number of
shock waves and contact surfaces. A new procedure, based on the coalescence of characteristics, is developed to
detect the formation of shock waves. Results are presented to validate and demonstrate the versatility of the
technique.

I. Introduction

EVISCID supersonic flows are governed by a first-
"der quasi-linear hyperbolic system of equations. The

numerical computation of these flows is complicated, because
the regular solution may break down due to the nonlinearity
of the governing equations. The breakdown is characterized
by the appearance of surfaces, such as shock waves and vortex
sheets, across which the dependent variables or their
derivatives are discontinuous. During the last decade, 2
numerical techniques have emerged for the analysis of these
flows. One, known as shock capturing, tries to remove the ex-
plicit computation of the discontinuties by generalizing the
concept of a solution of the Euler equations to include weak
solutions (i.e., discontinuities). Because the shock capturing
scheme requires no special treatment to deal with discon-
tinuties, it has become an extremely popular way of com-
puting. However, despite its present popularity, the results
obtained with this technique1 force us to agree with Moretti's
conclusion that shock capturing is a poor interpretation of a
physical phenomenon, and an extremely uneconomical way of
computing.3

The other technique, known as shock fitting, makes special
provisions for explicitly computing the discontinuties. In
essence, it locates the discontinuties and treats them as boun-
daries between regions where a regular solution is valid. The
effectiveness and soundness of this approach has been proven
for a large number of problems involving 2, 3, and 4 in-
dependent variables. However, for problems in 3 or more in-
dependent variables, the partitioning of a flowfield into
regions where a regular solution is valid, can create some dif-
ficult topological problems.3 Recently, Moretti4 has
developed a technique (reminiscent of that proposed by Richt-
myer and Morton,5 that treats the discontinuities explicitly
but does not require them as boundaries of the flow. This
therefore eliminates the problems associated with partitioning
the flowfield. It is this technique, known as floating shock fit-
ting, that forms the subject matter of this paper.

To avoid unnecessary complications, the technique will be
discussed in the context of a two-dimensional problem.
However, to demonstrate the capabilities of the technique,
results from complex flowfields are presented.

II. Problem Definition
We will discuss the floating shock fitting technique as it ap-

plies to the flow of an inviscid, perfect gas through a two-
dimensional duct of arbitrary geometry. The flow is assumed
to be supersonic throughout, and consequently, irregular
shock reflections are not considered. Shock waves generated
by either discontinuties in the slopes of the walls, or by
coalescence of pressure waves, will be automatically detected
and fitted into the calculation. The number of shock waves,
contact surfaces, and the number of interactions of these
discontinuties, is considered arbitrary (limited only by com-
puter storage).

III. Governing Equations

The flow variables are nondimensionalized by scaling the
pressure, density, and temperature, with respect to their
initial values (pit ph 7,) , scaling the velocities with respect to
(Pi /PI) 1/2, and scaling all lengths with respect to some ar-
bitrary reference length. The Euler equations written in a Car-
tesian frame (r,z), with the z-axis running along the length of
the duct, are

Pz+

r - yTur - TuPr)/$ = 0

(1)

Where P is the natural logarithm of pressure, u and w are the
velocity components in the r and z directions, respectively; S is
the entropy, y is the ratio of specific heats; the temperature is
given by

T=exp((S+(y-l)P)/y) (2)

The following equations are introduced here for later
reference. By combining the 2 momentum equations, we get
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(3a)

where r = u /w. With Eq. (3a) and the continuity equation in
the form

(3b)
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we can obtain the compatibility equation
2r2) ] l/2/yw2)P' =0 (4)

where the primes denote differentiation along the charac-
teristic directions

A* = (5)

The Euler Eqs. (1) are recast in terms of computational
coordinates (X,Z) defined by

X=(r-b(z))/(c(z)-b(z)) Z=z (6)

where r = b ( z ) and r—c(z) define the lower and upper walls
of the duct. In matrix form the equations of motion become

(7)

where the vector/is

p
f= u

w

S

(8)

and the matrix A is

A=

all Vl2 <*13

a 21 a 22 0

<*31 <*32 Qll

0 0 0

(9)

a]2=-ywXr/j3

a/3=yiiXr//3

a21 = - TXr /w

a31=uTXr//3

a32=yTXr/(3

IV. Interior Point Computation
Unlike shock fitting, floating shock fitting does not sub-

divide the computational plane into regions bounded by
discontinuities; instead, a single region is used, as illustrated
in Fig. 1 . In this single region, mesh points are equally spaced,
and all discontinuties are allowed to move freely or float over
the fixed grid. Their motion is subject only to the governing
equations.

Except for the mesh points at the walls and in the neigh-
borhood of a discontinuity, all mesh points are computed
using the MacCormack scheme6 to integrate Eq. (7). For
example, consider the section of a duct, in the computational
plane, sketched in Fig. 1. Using the MacCormack scheme,
and assuming the solution is known at the Kth steps, fN>K+ / is
obtained from

level 1

/N.K+ 1 =fN,K + 4v,# C/W+ ; ,K ~fN,K

\\\\\\\\\\\\

AXt .

\\\\

x\\
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'N+I
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N - 2
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Fig. 1 Computational plane.

K + l

AX

N+l
N'

-SHOCK

Fig. 2 Computation in the neigh-
borhood of a shock wave.

N -1

K + l

level 2

/ N.K+l

(10)

Because the discontinuties are allowed to float over the
fixed grid, special provisions must be taken when evaluating
the Jf derivatives of/, at mesh points in the neighborhood of a
discontinuity. Consider again the computation of point
(NfK+l) , but now in the presence of a shock as shown in Fig.
2. There is no difficulty in computing the first level of the
MacCormack scheme > since the forward difference

is valid. However, for the second level, the backward dif-
ference

fx = (/N,K+ i ~/N- I.K+ i ) / AA"

is not allowed because /is not differentiable across the shock.
On the other hand, the very simple approximation,

= (fN,K+ 1 ~fs,K+ 1 — XS>K+1 )

where s denotes conditions at the shock, can result in large
truncation errors, and the computation becomes unstable.
Moretti recommends using an approximation that involves
the values at the shock and the 3 neighboring mesh points
[Eq. (61) in Ref. 2]. We have not used this approximation,
because it makes the numerical domain of dependence point
(N,K+1) much larger than it physically is. Instead, we use
the following approximation

fx=-((0.5e-l)fN+lfK+]+0.5fs>K+]

+ 0.5(1-e)fN>K + 1]/AX (11)

where

e=(XNfK+]-Xs>K+1)/AX

The truncation error for Eq. (11), (based on/^, not/) is given
by

(e + 2)(e-l)/±X/4fxx

With Eq. (11), the computation of point' (N,K +1) proceeds
as the computation of any other interior point. Similar con-
siderations apply to the computation of point (N—1,K+1).

If point (N+l, K+l) is not available when applying Eq.
(11), as is the case indicated in Fig. 3 where 2 shocks are
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Fig. 3 Computation with
closely spaced shocks. AXl
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Fig. 4 Computation when a shock
crosses a mesh line.
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shown close to each other,_ then if the distance between the
shocks is greater than AX, fx is approximated by

~ (fs2,K + l- ~fsl,K + l

(12)

If, however, the distance between the shocks is smaller than
AX, the values at (N,K+1) are interpolated from the shock
values.

When a discontinuity crosses a mesh line, the computation
of this mesh point must be modified. In Fig. 4, an up-running
shock is shown crossing the Mh mesh line between steps K
and K+L The usual interior point computation would
require taking the one-sided difference between points (N+K,
K) and (N,K) for level one. This procedure is no longer
proper, because of the presence of the shock. We, therefore,
proceed by evaluating points A and B as follows

(13)

(14)

(15)

Care must be taken in evaluating 5 when d^/dZ^O., since
Eq. (14) becomes indeterminate. We therefore require that,

AZ>0.2AX

fB=fS,K+&(fS,K+I-fS,K)

where

&=(XN-XSfX)/(XStK+l-XStK)

then, the value of /for level one at (N, K + 1) is

dZ

otherwise, <5 is set to one to give the desired result

fN,K+l=fs,K+l

A similar computation is performed when a down-running
discontinuity crosses a mesh line.

V. Wall Computation
The compatibility equation, Eq. (4), is applied at the wall to

evaluate Pz

Pz=-dPx

where

(16)

Here, the X derivatives are evaluated as three-point one-sided
differences and

bzz for X

c77 for \ +

Then, following the MacCormack algorithm, the value of the
pressure at the wall, Pw , is given by

With the pressure and entropy known at the wall, the tem-
perature is obtained from Eq. (2), and the magnitude of the
velocity from

y-1
T= constant (17)

The two-velocity component can then be determined from the
known wall slope and the vanishing of the velocity component
normal to the wall.

VI. Shock Detection
Perhaps the most distinguishing feature of the problem we

are considering, and certainly its most troublesome one, is the
possible formation of shock waves. In this section, we will
consider the procedure required to detect an incipient shock.
There are two important features for any such procedure.
First, the procedure must be reliable. Incipient shocks must be
located at the proper place, but most important, the
procedure must be able to interpret the physics of the problem
accurately, and should not be so sensitive as to create
nonexistent shocks. Secondly, because the procedure must be
executed at every step, it must be very fast and require a
minimum amount of data to make a reliable decision.

The procedure we have constructed, based on the concept
of coalescing characteristics, requires only information on 2
adjacent mesh points, and we find it to be both reliable and
fast. However, its empirical nature should be kept in mind. It
is applied at the end of a computational step as follows:

Assume that the flowfield is known at the Kth step (see Fig.
5). At each mesh point TV and TV— 7, the up-running (X;v,X-+

N_j) and downrunning (X^, X^_7) characteristics are
evaluated using Eq. (5). If we now assume that the AZ in-
tervals between steps (evaluated from the CFL condition)6 are
essentially the same, then a quantity TJ±, which is the
reciprocal of the number of steps needed for 2 characteristics
to coalesce can be evaluated from

A considerable number of numerical experiments indicate
that a shock should be fitted into the calculation when 77*
becomes greater than 0.22 (approximately 4 steps before the
characteristics coalesce).

We have found that for a wide range of problems, if the
detection of incipient shocks is delayed until 77* <0.22), then
the procedure becomes very sensitive and shocks are predicted
unnecessarily.

UP RUNNING
CHARACTERISTICS/^

Fig. 5 Details of the shock
detection. DOWN RUNNING

CHARACTERISTICS

STREAMLINES^
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Fig. 6 Evaluation
of the low-pressure
side of a shock.

The detected shock is assumed to have the average slope of
the coalescing characteristics and to be located half way bet-
ween rN and rN_}. With the initial shock location known, the
initial flowfield variables on the low pressure side are linearly
interpolated between the 2 mesh points bracketing the shock,
and on the high pressure side they are linearly extrapolated
using the 2 mesh points next to the shock on the high pressure
side.

Shocks that are generated at the walls of the duct, because
of slope discontinuities at the walls, are introduced from user
supplied information on the wall geometries, and do not make
use of the procedure described in this section.

VII. Shock Computation
The low-pressure side of a shock is computed using the

same scheme described for the interior point computation, but
using the X derivatives given in this section. In Fig. 6,
assuming that mesh point TV lies on the low-pressure side, the
^derivatives at the shock for the predictor level are evaluated
from

fx,= 1+f (fs,K-fN-i,K)+0.5fN_2,K

(0.5 + e)
fN.K\ /AX

where

(18)

(19)

If only two mesh points are available, then the derivatives are
evaluated from

(20)

with e given by Eq. (19). The truncation error for Eq. (18) is
of order AX2 and for Eq. (20) it is

It should be noted that Eqs. (18-20) are not the same formulas
suggested by Moretti,2'4 particularly Eq. (18) has a lower
truncation error than Moretti 's counterpart.

If only 1 mesh point is available (Fig. 6b), ihenfXs is ap-
proximated by

fxs
 = (fsl,K ~fs2,K (21)

provided that (Xsl>K—Xs2>K) is greater than AX. If (XsltK —
Xs2,K) is smaller than A^f, then fXs is set to zero. For the
corrector stage, the same derivatives are used but with /
replaced by f.

If the low-pressure side lies on the other side of the shock,
the derivatives that are used are the negatives of those given
by Eq. (18) and Eq. (20), and e is given by the negative of Eq.
(19).

The computation of the high-pressure side of the shock has
been formulated using the compatibility equation, Eq. (4), on
the characteristic reaching the shock on the high-pressure side
along with Rankine-Hugoniot conditions. The details of this
classical treatment of the shock can be found in Ref. 4.

The computation of the high-pressure side was the only
computation requiring involved programing logic. The main
difficulty is the determination of the origin of the charac-
teristic reaching the shock in the immediate vicinity of other
discontinuities. It should be, however, possible to avoid these
difficulties by computing the high-pressure side with the
method suggested by Kentzer.7

VIII. Contact Surface Computation |
To compute a contact surface, we exploit the fact that both

pressure and streamline slope are continuous across a contact
surface. Eqs. (3a, b), which involve derivatives of P and r
only, are thus recast in terms of the computational coor-
dinates (X,Z), and are integrated using the MacCormack
scheme where the X derivatives are evaluated using Eq. (20).
In the predictor level, Eq. (20) is applied on the high Mach
number side of the contact surface. In the corrector level, it is
applied on the low Mach number side. This choice is ar-
bitrary, and the same results are obtained if the order is re-
versed.

With the pressure and entropy known at the contact sur-
face, the magnitude of the velocity follows from Eq. (17), and
the 2 velocity components can be determined from the
evaluated streamline slope.

IX. Interactions
The interactions of the discontinuities with the walls of the

duct and with each other are computed by locally exact
solutions. The details of these calculations can be found in
most text books in fluid mechanics, for example, Ref. 8, and
will not be discussed here.

X. Elimination of Weak Discontinuity
Discontinuities with a Mach number difference across the

discontinity of less than 1% are automatically eliminated
from the computation. This feature is not a requirement of
the technique. It has, however, been incorporated, because
for most practical applications, tracing these weak discon-
tinuties is not necessary. It speeds up the computation, and it
avoids computing degenerate discontinuities (i.e. the contact
surface formed by the interaction of 2 shock waves of equal
strength).

XI. Results
The results of several calculations performed with the

floating shock fitting technique are presented to demonstrate
the accuracy and versatility of the technique. All the com-
putations were done on \a CDC 6600 computer. The core
required to run the code is under 550008 locations.

The flowfield produced by a uniform flow impinging on a
wedge is often used to validate numerical calculations. The
problem is a trivial one, consisting of uniform properties in
front and behind the shock wave. The exact solution for a
freestream Mach number of 3.50 which is initially compressed
by a 15° wedge and then expanded, such as to exactly cancel
the shock wave generated by the wedge, is shown in Fig. 7. In
the figure,- the lower wall pressure distribution shown
corresponds to the case where the expansion occurs a very
short distance before the shock reflects from the wall. The
exact solution is obtained with the floating shock fitting

|We have recently experienced some difficulties with this procedure
when the contact surface is next to a strong expansion fan. The
problems have been overcome by reformulating the contact surface
computation along the guide lines discussed in the shock computation.
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Fig. 7 Flowfield over a
15° wedge with shock
cancellation.
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Fig. 8 Parametric
study of a nozzle,
showing shock
waves and isobars.
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Fig. 9 Shock path for 2

A/= 1 case. r MESH POINTS

technique using only 2 mesh points in less than 1 sec of com-
putational time (the same results are obtained increasing the
number of mesh points).

In Fig. 8, the results of a parametric study of the flowfield
produced by a nozzle are presented. The initial Mach number
was used as the parameter, allowing it to range from near 1 to
4. Both the isobars and shock-wave patterns are shown in the
figure. For the Mach 4 case, most of the isobars downstream
of the shock wave were not included in the figure to avoid
overcrowding of lines. The total computational time for these
4 cases, using 30 mesh points, was approximately 25 sec.
Figures 9 and 10 give some further details in the calculation of
the Mach 2 case. In these 2 figures the results obtained with 5,
10, 20, 30, and 60 points are shown. Figure 9 shows the
calculated shock-wave path, while Fig. 10 shows the upper
walL pressure distribution. The results show that a good
qualitative result for this more complicated problem can be
obtained with as few as 5 mesh points, and that good quan-
titative results are obtained with only 10 mesh points.

It is very often argued that shock fitting is limited in
its capability to handle flowfields with more than a single
shock. 9"n In Refs. 3 and 12 this has been shown not to be the
case for very complex three-dimensional steady, and one-
dimensional time-dependent flows. We hope to fill the
existing gap for two-dimensional steady problems with Fig. 11
and also to demonstrate that floating shock fitting is a
numerically stable technique even in multishocked flowfields.
In Fig. 11, the geometry of NASA Langley's scramjet com-
bustor model is simulated. The results shown
are for a flow with an incoming Mach number equal to 3.
inclined at 8° with the horizontal. The resulting flowfield con-

Fig, 10 Upper wall
pressure for M = 2
case.

4r

3 -

4 5
z

Fig. 11 Flowfield for a simulated scramjet, showing shock waves,
vortex sheets and isobars.

0 1 2 3 z 4 . 5 6 7

Fig. 12 Plume flowfield showing shock waves and vortex sheets.

sists of a complex pattern of interacting expansions and shock
waves. In the figure, the shock-wave pattern is shown by the
heavy lines. The contact surfaces are shown by the dashed
lines, and isobars are shown by the light lines. Certain discon-
tinuities are seen to terminate abruptly in the flowfield, while
some shock interactions do not show the expected vortex
sheet; this is a result of the automatic elimination of weak
discontinuties previously discussed. The calculation was per-
formed in 6 pieces, using a total of 120 mesh points and
requiring approximately 2.2 min of computational time. The
calculation shows approximately a dozen discontinuties, with
some 40 interactions.

The technique has been extended to internal axisymmetric
flows (with and without swirl), internal line source type flows,
and to external two-dimensional flows. An example of the ap-
plication to external flows is shown in Fig. 12, where a flow
with an initial Mach number of 2.0 exhausts into a Mach 3.0
freestream. The lower wall ends at z — 4.0, while the upper
wall ends at z = 4.2. The freestream conditions for the ex-
ternal flows are shown in the figure.

XII. Conclusions
Floating shock fitting for two-dimensional steady flows is

an accurate and stable technique capable of solving very com-
plex problems with acceptable running times. A fully three-
dimensional code is planned for the near future.
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